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Abstract: We study thermodynamic aspects of a tractable toy model of holography for
extremal Kerr black holes proposed in [1]. On the gravity side, the theory can be described
by the worldsheet action of string theory on a warped AdS3 background supported by
NS-NS flux. Once we turn on temperature, the deformed background is described by a
black string solution of type IIB supergravity that features a locally warped AdS3 factor.
The dual field theory is conjectured to be a single-trace version of a JT¯ -deformed CFT
at finite temperature. As evidence for the correspondence we show that the spectrum of
strings winding on the deformed background agrees with the spectrum of JT¯ -deformed
CFTs. Furthermore, we show that the gravitational charges of the black string match the
averaged charges of a thermal ensemble in the dual field theory. Finally, we reproduce the
Bekenstein-Hawking entropy of the black string from the microscopic density of states of
JT¯ -deformed CFTs.
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1 Introduction
Our modern understanding of black holes is illuminated by holography, the profound obser-
vation that gravity is an emergent phenomenon described by a lower dimensional quantum
field theory. In its most successful realization, the AdS/CFT correspondence [2–4], asymp-
totically anti-de Sitter (AdS) black holes are described by thermal states in a dual conformal
field theory (CFT) [5, 6]. While anti-de Sitter space has played a fundamental role in the
development of holography, the black holes found in nature are not asymptotically AdS, a
fact that motivates extensions of holography beyond anti-de Sitter spacetimes.
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One approach towards holography for realistic black holes is the Kerr/CFT correspon-
dence [7] (see [8, 9] for reviews). Kerr/CFT conjectures the existence of a holographic de-
scription to extremal Kerr black holes, limiting solutions to the highly rotating black holes
we expect to find in nature. A key feature of extremal Kerr are the SL(2, R)L × U(1)R
isometries of its near horizon geometry, a property that is also shared by warped AdS3,
a spacetime of constant negative curvature that is not asymptotic to AdS3. The study
of holography for warped AdS3 [10–13] and Kerr black holes [7, 14–17] have lead to new
insights into the workings of holography beyond AdS spacetimes.
The Kerr/CFT correspondence deviates from AdS/CFT in other interesting ways.
For instance, the dual field theory is not expected to be a local quantum field theory [18,
19]. More concretely, we have learned from string theory constructions that the dual field
theory can be described as a deformation of a CFT induced by an irrelevant operator with
conformal dimension (1, 2) [20–23].
Recent developments in solvable irrelevant deformations of quantum field theories [24,
25] shed new light into the Kerr/CFT correspondence. In particular, a simple and universal
(1, 2) operator known as JT¯ — where J is a chiral U(1) current and T¯ is a component
of the stress tensor — induces an integrable deformation in a CFT [26]. A holographic
duality between gravity in warped AdS3 spacetimes and CFTs deformed by the single-trace
version of JT¯ has been proposed in [1, 27], providing a tractable toy model of holography
for extremal Kerr black holes.
The JT¯ operator belongs to a class of irrelevant deformations that interpolate be-
tween two-dimensional CFTs in the IR and nonlocal but tractable QFTs in the UV [24–26]
(see [28] for a review). Although JT¯ is an irrelevant operator, the spectrum of JT¯ -deformed
CFTs satisfies universal formulae that depend only on the undeformed spectrum, the de-
formation parameter, and the size of the cylinder where the theory is defined [26, 27]. Sev-
eral universal features of JT¯ , as well as the Lorentz-preserving T T¯ deformation [24, 25],
have been studied in the literature including connections to 2d quantum gravity [29–32],
correlation functions [33–36], and partition functions [37–39] among related studies and
generalizations [40–60].
The holographic interpretation of JT¯ -deformed CFTs depends crucially on the nature
of the deformation. In the context of the AdS/CFT correspondence, double-trace defor-
mations do not change the AdS background but modify its boundary conditions, whereas
single-trace deformations are capable of changing the local bulk geometry. This intuition
is realized in both the double [61] and single-trace [1, 27] (see [62] for a review) versions of
holography for JT¯ -deformed CFTs.1
The holographic dual to the single-trace JT¯ deformation admits a weakly-coupled
description as string theory on a warped AdS3 × S3 background. The theory can be
obtained from the NS-NS sector of type IIB string theory on AdS3 × S3 by adding an
exactly marginal deformation to the worldsheet action (related studies in this direction
include [83–87]). Using the relationship between the vertex operators in string theory on
1The holographic duals to T T¯ -deformed CFTs also depend on the double-trace [63, 64] or single-trace [65]
character of the deformation. Under certain conditions, the double-trace deformation can be interpreted as
introducing a finite cutoff in the bulk [63, 64]. Holographic studies on T T¯ deformations include [66–82].
– 2 –
AdS3 and the conserved currents of the dual CFT [88], one can show that the marginal
worldsheet deformation corresponds to a JT¯ deformation of the dual theory. As evidence
for the correspondence, one finds that the spectrum of strings winding on the warped
AdS3 × S3 background matches the spectrum of JT¯ -deformed CFTs [1, 27].
In this paper, we strengthen the proposed duality between string theory on warped
AdS3 and single-trace JT¯ -deformed CFTs. This is achieved by turning on temperature
in both the bulk and boundary sides of the correspondence, and showing that the string
worldsheet and supergravity descriptions of the finite-temperature background are consis-
tent with the spectrum and thermodynamics of JT¯ -deformed CFTs.
The warped AdS3 background studied in [1] can be obtained from the massless BTZ
black string via a TsT transformation, where T stands for a T-duality and s for a shift of
coordinates. The finite-temperature generalization of this background can also be obtained
from generic BTZ black strings by a TsT transformation with the same parameter [89].
Hence, both of these backgrounds are expected to belong to the same space of solutions in
the deformed theory. In particular, we show that the warped BTZ background is equivalent
to an instantaneous deformation of the worldsheet by the antisymmetric product of two
Noether currents. This mirrors the definition of the JT¯ deformation in the dual CFT
which is also instantaneous and the antisymmetric product of two conserved currents.
Furthermore, we will see that a closely related background — one that is locally but not
globally equivalent to the TsT solution — can be interpreted as a marginal deformation of
the worldsheet by the product of two chiral currents.
We study the warped BTZ black string from both its worldsheet and supergravity
descriptions. In particular,
(i) we derive the spectrum of strings winding on the warped BTZ black string and
recover the same worldsheet spectrum found at zero temperature. Consequently, we
find that the string theory spectrum on the finite-temperature background matches
the spectrum of JT¯ -deformed CFTs. Our results are sensitive to the global properties
of the spacetime which we argue are determined by the TsT transformation.
(ii) we compute the gravitational charges of the warped BTZ background and study its
thermodynamics. We show that these charges match thermal expectation values
in JT¯ -deformed CFTs and reproduce the Bekenstein-Hawking entropy of the black
string from the density of states of the dual theory. A crucial step in these calculations
is an appropriate identification of the deformed U(1) charge which we determine using
string theory. Our results show that the warped BTZ black string corresponds to a
thermal state in the dual JT¯ -deformed CFT.
The paper is organized as follows. In Section 2 we study the thermodynamics of JT¯ -
deformed CFTs and provide an alternative derivation of the deformed conformal weight.
In Section 3, we review the duality between string theory on AdS3 and JT¯ -deformed CFTs,
and reproduce the conformal weight derived in the field theory analysis. In Section 4 we
argue that the warped BTZ black string obtained from a TsT transformation is equivalent
to a single trace version of the JT¯ deformation at finite temperature. In Section 5 we show
that the spectrum of strings winding on the deformed background matches the spectrum
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of JT¯ deformed CFTs. We consider the supergravity description of the warped BTZ black
string in Section 6 where we compute its gravitational charges, thermodynamic potentials,
and entropy. Therein we show that the warped BTZ background corresponds to a thermal
state in the dual JT¯ -deformed CFT. In Section 7, we list the results for the warped global
AdS background, the latter of which can be obtained from analytic continuation of the
results on warped BTZ. Finally, in Appendix A we describe classical winding strings and
check that their spectrum is consistent with the spectrum derived from the worldsheet;
while in Appendix B we show that after a shift of coordinates and a gauge transforma-
tion, the warped BTZ background is equivalent to an exactly marginal deformation of the
worldsheet by the product of two chiral currents.
2 The JT¯ deformation
In this section we describe some of the salient features of the JT¯ deformation of two-
dimensional CFTs. In particular, we review the spectrum of the deformed theory, provide
an alternative derivation of the deformed conformal weight, and study its thermodynamics.
We will reproduce these features holographically in the following sections using the single
trace version of the JT¯ deformation in string theory.
2.1 Review of the spectrum
We begin by considering a two-dimensional CFT featuring a chiral U(1) current J ≡ Jx,
where (x, x¯) = (ϕ+ t, ϕ− t) denote the left and right-moving coordinates of the CFT. The
JT¯ deformation is an irrelevant but solvable deformation of the theory defined by [26]
∂SCFT
∂µ
=
∫
d2xOJT¯ (µ), (2.1)
where SCFT denotes the action of the original CFT and µ is a parameter with dimensions
of length. The (1, 2) operator OJT¯ is evaluated instantaneously in the deformed theory
and is defined by
OJT¯ ≡ JT¯ − J¯Θ, (2.2)
where T¯ ≡ Tx¯x¯ is the right-moving component of the stress tensor, Θ ≡ Txx¯, and J¯ ≡ Jx¯
is the right-moving component of the U(1) current, the latter of which is not necessarily
chiral after the deformation.
The deformation (2.1) induces an RG flow from a conformal fixed point in the IR to
a nonlocal theory in the UV where µ parametrizes the scale of nonlocality. Like the T T¯
operator [90], the JT¯ operator also factorizes [26], a feature that is crucial in the derivation
of the deformed spectrum. In [27] it was assumed that (i) the left-moving component of the
stress tensor T is chiral along the RG flow; (ii) the U(1) current J also remains chiral after
the deformation; and (iii) the Sugawara combination of left-moving charges T − J2/4k,
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where k is the U(1) level, is independent of µ.2 These assumptions, together with the
fact that the angular momentum is unchanged by the deformation, lead to the following
finite-size spectrum of the JT¯ -deformed theory [26, 27]
EL(µ)− Q(µ)
2
4Rk
= EL(0) − Q(0)
2
4Rk
, (2.3)
EL(µ)−ER(µ) = EL(0) −ER(0), (2.4)
Q(µ)− 2µkER(µ) = Q(0), (2.5)
where EL =
1
2(E + P ) and ER =
1
2 (E − P ) denote the left and right-moving energies
(E is the energy and P is the momentum), Q is the deformed U(1) charge, and 2πR is
the size of the cylinder.3 The spectrum depends only on the deformation parameter µ,
the scale R, and the original CFT data {EL(0), ER(0), Q(0)}; it is in this sense that the
JT¯ deformation is solvable. In particular, solving for ER(µ) with the boundary condition
ER(µ)
∣∣
µ→0 = ER(0) yields
ER(µ) =
1
2µ2k
{[
R− µQ(0)]−√[R− µQ(0)]2 − 4µ2kRER(0)
}
. (2.6)
It is interesting to note that:
(i) the spectrum becomes complex when the undeformed right-moving energy satisfies
ER(0) >
[
R− µQ(0)]2
4µ2kR
; (2.7)
(ii) when the undeformed U(1) charge and angular momentum vanish, the deformed
energy E(λ) matches that of T T¯ -deformed CFTs with the “wrong sign” [63];
(iii) the energies and U(1) charge of extremal solutions satisfying ER(0) = 0 are left
invariant by the deformation;
(iv) the torus partition function with the spectrum (2.3) – (2.5) is modular covariant [39].
Conversely, assuming modular covariance of the partition function, one can derive
the spectrum of JT¯ -deformed CFTs.
(v) if, for a fixed value of µ, there exists a state in the undeformed theory satisfying
Q(0) = −µkER(0), then its left and right-moving energies are unchanged after the
deformation, i.e. EL(µ) = EL(0), ER(µ) = ER(0), and Q(λ) = −Q(0).
2The JT¯ operator can be understood as an antisymmetric product of two conserved currents, which
leads to a derivation of the spectrum without the aforementioned assumptions [51, 60]. In particular, it is
possible to define the JT¯ operator using a U(1) current that is not chiral along the RG flow. Nevertheless,
when expressed in terms of the undeformed charges, the spectrum is equivalent to eqs. (2.4) and (2.6).
3Note that our left and right-moving energies differ by a factor of 2π from those used in [26], namely
E hereL,R = (2π)
−1E thereL,R , while our U(1) level differs by a factor of 4 such that k
here = 1
4
kthere.
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2.2 Conformal weight
The spectrum of JT¯ -deformed CFTs was derived on a cylinder of size 2πR. However, to
calculate correlation functions and use conformal perturbation theory it is useful to work
on the plane. The theory on the plane is specified by the left-moving conformal weight h,
the U(1) charge Q, and the right-moving energy ER. In ref. [36], the spectrum on the plane
was obtained by taking an infinite boosted limit of the spectrum on the cylinder. We note
that the JT¯ deformation is expected to preserve an SL(2, R)L × U(1)R global symmetry
and the full left-moving conformal symmetry of the original CFT.4 Here we would like to
provide an alternative derivation of the conformal weight motivated by the study of warped
conformal field theories [91, 92] which share the same SL(2, R)L×U(1)R global symmetries
of JT¯ -deformed CFTs.
Conformal symmetry on the left-moving sector allows us to use an exponential map
x → z = eix/R to reformulate the JT¯ -deformed CFT in terms of the (z, x¯) coordinates.
In this case, the cylinder identification (x, x¯) ∼ (x+ 2πR, x¯ + 2πR) is mapped to (z, x¯) ∼
(e2piiz, x¯ + 2πR). Furthermore, the exponential map relates the left-moving conformal
weight and energy in the usual way, namely
h(µ) ≡ REL(µ) + c
24
. (2.8)
The formulae for the JT¯ -deformed spectrum in eqs. (2.3) – (2.5) allows us to write the
deformed conformal weight h(µ) in terms of the undeformed one h(0) such that
h(µ) = h(0) + µQ(0)ER(µ) + µ
2kER(µ)
2, (2.9)
an expression that is valid for arbitrary values of the radius. In particular, we would like
to take the plane limit R → ∞ assuming that µ, Q(0), and ER(0) remain finite. In this
limit the right-moving energy is independent of the deformation and given by
lim
R→∞
ER(µ) = ER(0). (2.10)
As R → ∞, ∂z¯ → iR∂x¯, where z¯ = e−ix¯/R is the complex conjugate of z, and we can
perform conformal perturbation on the complex plane (z, z¯) where operators are labelled
by the conformal weight h(0), the U(1) charge Q(0), and the right-moving energy ER(0).
It follows that the deformed spectrum on the plane is given by
h(µ) = h(0) + µQ(0)ER(0) + µ
2kER(0)
2, (2.11)
Q(µ) = Q(0) + 2µkER(0), (2.12)
which agrees with the derivation of ref. [36]. In Section 3, we will provide a holographic
justification for the relationship between the deformed left-moving energy EL(µ) and the
deformed conformal weight h(µ) in eq. (2.8). More concretely, we will show that EL is the
eigenvalue of the zero mode generator L0 of the left-moving conformal symmetry preserved
by the deformation.
4The left conformal symmetry can be seen perturbatively in the field theory and holographically in both
the double trace [61] and single trace [89] (see Section 3.2) versions of the JT¯ deformation.
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2.3 Thermodynamics
The density of states of JT¯ -deformed CFTs is not expected to change under the defor-
mation. This follows from the fact that there is no level crossing in the formulae for the
deformed spectrum. In particular, the asymptotic density of states in the undeformed
theory is given by the Cardy formula which in our conventions reads
SCFT = 2π
{√
c
6
[
REL(0) − Q(0)
2
4k
]
+
√
c
6
RER(0)
}
=
π2Rc
3
[
TL(0) + TR(0)
]
, (2.13)
where TL,R(0) are the temperatures conjugate to the undeformed energies EL,R(0) defined
via the thermodynamic relations
REL(0)− Q(0)
2
4k
=
c
6
[
πRTL(0)
]2
, RER(0) =
c
6
[
πRTR(0)
]2
. (2.14)
Assuming that the entropy does not change after the deformation, the spectrum of JT¯ -
deformed CFTs allows us to write the entropy in the microcanonical ensemble such that5
SJT¯ =SCFT
=2π
{√
c
6
[
REL(µ)− Q(µ)
2
4k
]
+
√
c
6
[
RER(µ) + µER(µ)
[
µkER(µ)−Q(µ)
]]}
. (2.15)
The contribution from the left-moving sector to the entropy takes the same form as in
the undeformed theory. This is a consequence of the fact that the Sugawara combination
of left-moving charges is independent of the deformation. Generically, the spectrum of
JT¯ -deformed CFTs features a nonzero U(1) charge Q(µ) even when the undeformed U(1)
charge vanishes, see eq. (2.4). Hence, we expect the first law of thermodynamics to satisfy
δSJT¯ =
1
TL(µ)
δEL(µ) +
1
TR(µ)
δER(µ) + ν(µ)δQ(µ), (2.16)
where ν(µ) is the chemical potential conjugate to Q(µ). The thermodynamic potentials of
the deformed theory must therefore satisfy
1
TL(µ)
=
∂SJT¯
∂EL(µ)
=
πR√
6
c
[
REL(0)− Q(0)
2
4k
] = 1TL(0) , (2.17)
1
TR(µ)
=
∂SJT¯
∂ER(µ)
=
πR√
6
cRER(0)
[
1− µ
R
Q(0)
]
=
1
TR(0)
[
1− µ
R
Q(0)
]
, (2.18)
ν(µ) =
∂SJT¯
∂Q(µ)
= − 1
TL(0)
Q(µ)
2kR
− 1
TR(0)
Q(µ)−Q(0)
2kR
, (2.19)
where we note that it is possible to write ν(µ) in terms of the undeformed thermodynamic
potentials but the resulting expression is not particularly illuminating. Also note that the
5There is a subtlety in the definition of asymptotic states in the deformed theory since the energies
become imaginary for large ER(0). Nevertheless, a precise definition is available in terms of the undeformed
energies for which the entropy (2.13) remains well defined for arbitrarily large ER(0).
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left-moving temperature is unchanged after the deformation, which is again a consequence
of the µ-independence of the Sugawara combination of left-moving charges.
While it is possible to express the entropy in the canonical ensemble, i.e. entirely in
terms of the deformed temperatures and chemical potential, for later convenience we write
the entropy in a mixed ensemble with fixed temperatures TL,R(µ) and U(1) charge Q(µ).
In this ensemble the entropy satisfies
SJT¯ =
π2Rc
3
{
TL(µ) + γ TR(µ)
[
1− µ
R
Q(µ)
]}
, (2.20)
where γ is defined by
1
γ
=
√
1− 2π
2c k
3
µ2TR(µ)2. (2.21)
We note that when TR(µ) = 0, the entropy takes the same form in both the deformed and
undeformed theories. This is consistent with the fact that the spectrum of extremal states
satisfying ER(0) = 0 is unchanged by the deformation. Finally, in the mixed ensemble, the
expectation values of the conjugate energies EL,R(µ) and the chemical potential ν(µ) are
given in terms of TL,R(µ) and Q(µ) by
EL(µ) =
Q(µ)2
4kR
+
π2Rc
6
TL(µ)
2, (2.22)
ER(µ) =
R
2µ2k
(
γ − 1)[1− µ
R
Q(µ)
]
, (2.23)
ν(µ) = − 1
TL(µ)
Q(µ)
2kR
− 1
TR(µ)
1
2µk
(
1− 1
γ
)
. (2.24)
3 String theory and JT¯ deformations
In this section we consider a marginal deformation of string theory on AdS3 × S3 ×M4
that corresponds to the single trace JT¯ deformation of the dual CFT [1, 27]. We begin
by reviewing and adapting the results of ref. [1] to our conventions. We then derive the
deformed conformal weight of the dual JT¯ -deformed theory directly from the worldsheet.
Readers familiar with the story at zero temperature can skip Section 3.1.
3.1 The warped massless BTZ background
Our starting point is the bosonic sector of string theory on AdS3 × S3 ×M4 backgrounds
supported by NS-NS flux. The compact four-dimensional manifold M4 does not play a
role in what follows so we focus on the six-dimensional part of the background. In the
Einstein frame, the action of type IIB supergravity is given by
SIIB =
1
16πG6
∫
d6x
√
|g|
(
R− ∂µΦ∂µΦ− e
−2Φ
12
HµναH
µνα
)
, (3.1)
whereH is the field strength of the Kalb-Ramond B field, Φ is the dilaton, and the Einstein
(gµν) and string frame (Gµν) metrics are related by
gµν = e
−ΦGµν . (3.2)
– 8 –
In our conventions the background metric, B-field, and dilaton are given by
ds2 = ℓ2
{
dr2
4r2
+ rdudv +
1
4
[
(dχ+ cos θ dφ)2 + dθ2 + sin2 θ dφ2
]}
, (3.3)
B =
ℓ2
4
(
cos θ dφ ∧ dχ− 2rdu ∧ dv
)
, (3.4)
e−2Φ = 1, (3.5)
where ℓ is the AdS scale, (u = ϕ+ t/ℓ, v = ϕ− t/ℓ, r) are the coordinates of the massless
BTZ black hole satisfying
(u, v) ∼ (u+ 2π, v + 2π), (3.6)
and (χ, φ, θ) parametrize the S3 as a Hopf fibration over an S2 with
χ ∼ χ+ 4π, φ ∼ φ+ 2π, θ ∼ θ + π. (3.7)
The bosonic part of the worldsheet action is given by
S0 = k
∫
dz2
{
∂r∂¯r
4r2
+ r∂v∂¯u+
1
4
[(
∂χ+ 2cos θ ∂φ
)
∂¯χ+ ∂θ∂¯θ + ∂φ∂¯φ
]}
, (3.8)
where ℓs = ℓ/
√
k is the string scale, (z = τ + σ, z¯ = τ − σ) are the worldsheet coordinates,
and ∂ ≡ ∂z, ∂¯ ≡ ∂z¯. The action features an affine SL(2, R)L×SU(2)L×SL(2, R)R×SU(2)R
symmetry group whose global part matches the isometries of the background. In particular,
the SL(2, R) currents j− and j¯− coincide with the Noether currents generating translations
along u and v, and are given by
j−(z) = kr∂v, j¯−(z¯) = kr∂¯u, (3.9)
while the SU(2) currents k3 and k¯3, which are related to translations along χ and φ, read
k3(z) =
k
2
(
∂χ+ cos θ ∂φ
)
, k¯3(z¯) =
k
2
(
∂¯φ+ cos θ ∂¯χ
)
. (3.10)
Note that the k3 and k¯3 currents are spacelike while the j− and j¯− currents are null. In Sec-
tion 4 we will consider BTZ backgrounds with nonvanishing mass and angular momentum
where the currents generating translations along u and v become spacelike. In contrast,
for the global AdS vacuum considered in Section 7 these currents are timelike.
String theory on AdS3 features vertex operators describing observables with scaling
dimension (1, 2) in the dual CFT. These operators, which are irrelevant and break Lorentz
invariance from the CFT point of view, are given by [88]
Aa(x, x¯) =
1
2
∫
d2z
[
∂xJ¯(x¯; z¯)∂x¯ + 2∂
2
x¯J¯(x¯; z¯)
]
Φ1(x, x¯; z, z¯)k
a(z), (3.11)
where (x, x¯) are the coordinates of the dual CFT, J¯(x¯; z¯) is an x¯-dependent linear combina-
tion of SL(2, R)R worldsheet currents, k
a(z) denotes an SU(2)L current, and Φ1(x, x¯; z, z¯)
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can be interpreted as a bulk-to-boundary propagator [88].6 The (1, 2) operator (3.11) shares
the same quantum numbers as the JT¯ deformation proposed in [26], and it was shown to
correspond to a single-trace JT¯ deformation of the dual CFT in [1, 27]. The operator (3.11)
is local on the worldsheet and leads to a marginal current-current deformation
∆Sλ = −2λ
k
∫
d2xA3(x, x¯) =
2λ
k
∫
d2z k3(z)j¯−(z¯), (3.12)
where λ is a dimensionless constant. The relationship between the worldsheet and field
theory deformation parameters λ and µ is given by
ℓλ = µk. (3.13)
Not surprisingly, the worldsheet currents featured in eq. (3.12) are related to translations
along χ and v, reflecting the nature of the J and T¯ components of the JT¯ operator.
The deformed worldsheet action is given by Sλ = S0 + ∆Sλ and describes strings on
the warped massless BTZ×S3 background
ds2 = ℓ2
{
dr2
4r2
+ rdu
[
dv + λ
(
dχ+ cos θ dφ
)]
+ dΩ23
}
, (3.14)
B =
ℓ2
4
{
cos θ dφ ∧ dχ− 2rdu ∧
[
dv + λ
(
dχ+ cos θ dφ
)]}
, (3.15)
e−2Φ = 1, (3.16)
where dΩ23 denotes the metric of the S
3. Since j¯− and k3 belong to commuting SL(2, R)R
and SU(2)L algebras, the deformation is exactly marginal [93] and eqs. (3.14) and (3.15)
describe exact string theory backgrounds. The deformed metric (3.14) admits only an
SL(2, R)L × U(1)L × U(1)R × SU(2)R subgroup of the original SL(2, R)L × SU(2)L ×
SL(2, R)R × SU(2)R isometries and its connection to warped AdS3 and the Kerr/CFT
correspondence is discussed in detail in [1, 89, 94].
Interestingly, the deformed background fields (3.14) and (3.15) can also be obtained
from the original ones via the solution-generating TsT transformation of [95, 96]. The TsT
transformation consists of T-duality along the χ coordinate, a shift v → t− + 2λk ψ and
χ → ψ, and another T-duality along ψ. The t− and ψ coordinates characterize the TsT
background and have been introduced here for future convenience. In order to write the
TsT-transformed solution in the form of eqs. (3.14) and (3.15), an additional change of
coordinates is necessary such that
t− = v +
λ
2
χ, ψ = χ. (3.17)
We will refer to the whole procedure, namely a TsT transformation followed by the addi-
tional shift of coordinates (3.17), as a TsTs transformation.7 The TsTs transformation is
6In more detail, J¯(x¯; z¯) = 2x¯j¯3(z¯)− j¯+(z¯)− x¯2j¯−(z¯) where j¯a(z¯) are SL(2, R)R currents.
7The relationship between TsT transformations and marginal deformations has been explored further
in [97]. Therein, it is shown that the additional shift (3.17) that is necessary to reproduce the marginal
deformation (3.12) can be obtained from a generalization of O(d, d) transformations.
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locally equivalent to the current-current deformation of the worldsheet (3.12). However,
a subtlety arises in the identification of the deformed background due to the change of
coordinates (3.17), and one may wonder whether the TsT or the TsTs-transformed solu-
tion corresponds to the JT¯ deformation of the dual field theory. At zero temperature,
the analysis of [1, 27] cannot differentiate between the two backgrounds, and hence either
proposal works. However, as we will show later, at finite temperature the difference plays
an important role and it is the TsT background that is dual to a thermal state in the dual
JT¯ -deformed CFT.
The spectrum of the deformed theory can be derived using spectral flow, as described
in detail in Section 5, and is found to satisfy [1, 27]
ER(0) = ER(λ) +
λER(λ)
wk
[
λℓER(λ) +Q(0)
]
, (3.18)
EL(0) = EL(λ) +
λER(λ)
wk
[
λℓER(λ) +Q(0)
]
, (3.19)
Q(0) = Q(λ)− 2λℓER(λ), (3.20)
where EL and ER are the left and right-moving energies, Q is the U(1) charge, 4k is the U(1)
level, and 2πℓ is the size of the cylinder at the boundary. The parameter w in eqs. (3.18)
and (3.19) is an integer whose absolute value can be interpreted as the number of times
the string winds along the spatial circle. More precisely, w is an integer parametrizing
the spectrally-flowed representations of SL(2, R) [98]. In our conventions w < 0 and the
derivation of the spectrum is valid for both the discrete (short strings) and continuous
(long strings) representations of SL(2, R) [1]. However, it is not yet clear what the role of
the discrete representation on the massless BTZ background is in the proposed holographic
dual.8
We now show that the string theory spectrum (3.18) – (3.20) matches the spectrum
of JT¯ -deformed CFTs (2.3) – (2.5). First, by subtracting eq. (3.18) from (3.19) we find
that the angular momentum EL − ER is independent of the deformation parameter λ.
The charge flow eq. (3.20) also agrees with its JT¯ counterpart (2.5) after using eq. (3.13).
Finally, choosing
w = −1, ℓ = R, (3.21)
it is not difficult to show that eq. (3.19) can be written as eq. (2.3), which is the statement
that the Sugawara combination of left-moving charges is invariant under the deformation.
Note that while this is an important assumption in the field theory derivation of the
spectrum in [27], the λ-independence of the Sugawara combination of charges is a natural
outcome of the string theory analysis.
3.2 The conformal weight from the worldsheet
The spectrum of strings on the warped background was derived on the spatial circle
(u, v) ∼ (u+ 2π, v + 2π), (3.22)
8We thank Soumangsu Chakraborty and David Kutasov for discussions on this point.
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meaning that the dual JT¯ -deformed CFT is defined on a cylinder of size 2πℓ. It is natural
to ask what the fate of the deformed spectrum is when the dual CFT is defined on the plane.
Since the JT¯ deformation is expected to preserve a left-moving copy of the Virasoro algebra,
we can equivalently ask what the corresponding conformal weight is in the deformed theory.
String theory on AdS3 features vertex operators that are identified with the left and
right-moving components of the stress tensor of the dual CFT [88]. A crucial ingredient in
the construction of these vertex operators are the SL(2, R)L × SL(2, R)R currents of the
worldsheet action. The latter can be shown to correspond to the L0, L±, and L¯0, L¯± global
symmetry generators of the dual CFT’s left and right-moving Virasoro algebras [88, 99,
100]. More generally, an asymptotic symmetry generated by an asymptotic Killing vector
ξ accompanied by a gauge transformation parameter Λ is given by the following vertex
operator
− i
π
∫
dz2
[Lξ(gµν +Bµν) + ∂µΛν − ∂νΛµ]∂Xµ∂¯Xν . (3.23)
After the deformation, the SL(2, R)L×SL(2, R)R symmetries are broken down to SL(2, R)L×
U(1)R and we expect the left-moving Virasoro algebra of the dual CFT to be preserved
by the deformation. Indeed, both the undeformed and deformed theories feature a local
vertex operator that is identified with the left-moving component of the stress tensor in
the dual CFT. This vertex operator is given by [89]
T (m) = − k
2πℓ
∮ {
r
[
∂v + λ
(
∂χ+ cosΘ∂φ
)]− im∂r
r
}
eimu, (3.24)
where
∮ ≡ ∫ 2pi0 dσ. It is not difficult to show that T (m) satisfies the Virasoro algebra with
central charge c = 6kI where I is an operator that takes different values in different sectors
of the theory, e.g. short vs. long string sectors [101].
The left-moving conformal weight is defined by the zero mode of T (m), namely,
h− c
24
≡ 〈L0〉 = −ℓT (0) = k
2π
∮
r
[
∂v + λ
(
∂χ+ cosΘ∂φ
)]
=
1
2π
∮
jτ∂u = ℓEL, (3.25)
where j∂u is the current generating translations along u. Eq. (3.25) is the usual rela-
tionship between the left-moving energy and conformal weight of a CFT defined on the
cylinder. This expression is valid for any λ and therefore applies to both the deformed and
undeformed theories. Using eqs. (3.18) – (3.20) we find that the conformal weight satisfies
h(λ) = h(0) − ℓλ
wk
Q(0)ER(λ)− ℓ
2λ2
wk
ER(λ)
2. (3.26)
This is the same deformed conformal weight derived in JT¯ -deformed CFTs, cf. eq. (2.9),
where w = −1, ℓλ = µk, and ℓ = R. In particular, in the R → ∞ limit this expression
reduces to eq. (2.11) and agrees with the field theory derivation of ref. [36].
4 Warped BTZ and JT¯ at finite temperature
In this section we consider the thermal background relevant for the string theory description
of the JT¯ deformation at finite temperature. A natural candidate is the warped BTZ black
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string constructed in [89]. The latter was obtained via a TsT transformation of the BTZ
black string mirroring the construction of the zero temperature background considered in
the previous section. We will show that this background is equivalent to an instantaneous
deformation of the worldsheet action by a marginal operator consisting of the antisymmetric
product of two Noether currents.
4.1 Warped BTZ from TsT transformations
Let us begin by considering string theory on the BTZ black string. In our conventions the
metric is given by
ds2 = ℓ2
{
dr2
4
(
r2 − 4T 2uT 2v
) + rdudv + T 2udu2 + T 2v dv2 + dΩ23
}
, (4.1)
where the B field and dilaton are given in eqs. (3.4) and (3.5), and the (u, v) coordinates
satisfy
(u, v) ∼ (u+ 2π, v + 2π). (4.2)
The dimensionless temperatures Tu and Tv are related to the left and right-moving energies
of the BTZ background by9
EL = T
2
u
4G3
, ER = T
2
v
4G3
. (4.3)
The warped BTZ black string can be generated from the BTZ background via a TsT
transformation, i.e. by first T-dualizing along χ, shifting v → t− + 2λk ψ and χ → ψ, and
T-dualizing once more along ψ. Note that t− and ψ denote the coordinates of the TsT-
transformed background, and that this is the same TsT transformation responsible for the
warped massless BTZ background reviewed in the previous section. In analogy with the
zero temperature solution, we can perform an additional shift of coordinates
t− = v +
λ
2
χ, ψ = χ+ 2λT 2v v, (4.4)
to put the solution in a form where the local SL(2, R)L×U(1)R isometries of the background
are manifest. After the TsTs transformation, we obtain the following solution to the
supergravity equations of motion,
ds2st = ℓ
2
{
dr2
4
(
r2 − 4T 2uT 2v
)+ (rdu+ 2T 2v dv)(dv + α2Tv σ3
)
− T 2v dv2+ T 2udu2+ dΩ23
}
, (4.5)
B =
ℓ2
4
{
cos θ dφ ∧ dχ− 2(rdu+ 2T 2v dv) ∧ (dv + α2Tv σ3
)
+ 2λT 2v dv ∧ dχ
}
, (4.6)
where dsst denotes the line element in the string frame, σ3 = dχ+ cos θ dφ, and α satisfies
α =
2λT 2v
1 + λ2T 2v
. (4.7)
9The three-dimensional Newton constant G3 is related to the six-dimensional one via G6 = 2ℓ
3π2G3.
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Eqs. (4.5) and (4.6) are solutions of the equations of motion for any constant value of the
dilation. For the TsT background, the dilaton is determined by requiring that e−2Φ
√−g
is invariant under the transformation such that
e−2Φ = 1 + λ2T 2v . (4.8)
While the coordinate transformation (4.4) does not change the local geometry, it does
affect its global properties and can lead to physically distinct solutions. In other words,
the background fields (4.5) and (4.6) describe different solutions depending on how we
compactify the u, v, and χ coordinates. One possibility is to keep track of the TsT
transformation and consider
internal circle: (u, v, χ) ∼
(
u, v − 2πλ
1− λ2T 2v
, χ+
4π
1− λ2T 2v
)
, (4.9)
spatial circle: (u, v, χ) ∼
(
u+ 2π, v +
2π
1− λ2T 2v
, χ− 4πλT
2
v
1− λ2T 2v
)
. (4.10)
The identifications (4.9) and (4.10) are the natural ones to impose after the TsT transfor-
mation, which respectively correspond to
ψ ∼ ψ + 4π, (u, t−) ∼ (u+ 2π, t− + 2π). (4.11)
The thermodynamics and asymptotic symmetries of the TsT-transformed solution where
u+ t− is identified with the spatial direction have been previously studied in [23, 89, 102].
Notably, the entropy density per unit length along the u + t− direction, as well as the
entropy with u+ t− compactified (4.10), remain unchanged after the TsT transformation.
This provides a hint that we should compactify the coordinates via eqs. (4.9) and (4.10) as
the entropy of JT¯ -deformed CFTs is also unchanged by the deformation. Henceforth, we
will adopt the TsT compactification of coordinates and use it to show that the deformed
worldsheet spectrum, the entropy of the warped BTZ background, and the background
charges match the corresponding expressions found in JT¯ -deformed CFTs.
4.2 Worldsheet deformation
We now consider string theory on the warped BTZ background and give a worldsheet
interpretation to the TsT transformation described in the previous subsection. In the TsT
coordinates t− and ψ, the warped BTZ background reads
ds2st = ℓ
2
{
dr2
4
(
r2 − 4T 2uT 2v
) + rdu
2(1 + λ2T 2v )
[
2dt− + λ(dψ + 2cos θ dφ)
]
+ T 2udu
2
+ dΩ23 +
T 2v dt
−(dt− + λ cos θ dφ)
1 + λ2T 2v
− λ
2T 2v (dψ + 2cos θ dφ)dψ
4(1 + λ2T 2v )
}
,
(4.12)
B =
ℓ2
4(1 + λ2T 2v )
{
cos θ dφ ∧ dψ − rdu ∧
[
2dt− + λ(dψ + 2cos θ dφ)
]
− 2λT 2v dt− ∧ (dψ + cos θ dφ)
}
,
(4.13)
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e−2Φ = 1 + λ2T 2v , (4.14)
which makes manifest the advantage of using the TsTs variables v and χ. In particular,
the deformed worldsheet action is given by
Sλ = k
∫
dz2
{
∂r∂¯r
4
(
r2 − 4T 2uT 2v
) + r
[
2∂t− + λ
(
∂ψ + 2cos θ ∂φ
)]
∂¯u
2(1 + λ2T 2v )
+
T 2v ∂t
−∂¯t−
1 + λ2T 2v
+ T 2u∂u∂¯u+
cos θ ∂φ
(
∂¯ψ + 2λT 2v ∂¯t
−)
2(1 + λ2T 2v )
− λT
2
v
(
∂t−∂¯ψ − ∂ψ∂¯t−)
2(1 + λ2T 2v )
+
∂ψ∂¯ψ
4(1 + λ2T 2v )
+
1
4
∂θ∂¯θ +
1
4
∂φ∂¯φ
}
.
(4.15)
In the Tv → 0 limit, the deformed action (4.15) reduces to its zero temperature counterpart
described in Section 3.1. This suggests a connection to the single-trace JT¯ deformation of
the dual CFT. To sharpen this connection, let us introduce the Noether currents j∂
t−
and
jξU(1) generating translations along the Killing vectors ∂t− and ξU(1) = 2∂ψ − λ∂t− . These
currents are defined in eqs. (5.30) and (5.12), respectively, and their zero mode charges
correspond to (minus) the deformed right-moving energy −ER(λ) and the deformed U(1)
charge Q(λ) (see Section 5). In terms of these Noether currents, we find that the deformed
action Sλ satisfies the following differential equation
∂Sλ
∂λ
=
1
k
∫
d2z (j∂
t−
)a(jξU(1))
bǫab, (4.16)
where ǫzz¯ = −ǫz¯z = 1 is the Levi-Civita symbol. Thus, the TsT transformation is equivalent
to an instantaneous deformation of the worldsheet action by the antisymmetric product
of two Noether currents. Eq. (4.16) mirrors the definition of the JT¯ deformation (2.1)
in the dual field theory, the latter of which is also instantaneous and the antisymmetric
product of Jµ and Tµx¯, whose zero modes correspond to the deformed U(1) charge and the
right-moving energy, respectively.
Concrete evidence for the correspondence between the marginal deformation (4.16)
and the single-trace JT¯ -deformation of the dual CFT is given by the worldsheet spectrum
derived in Section 5, as well as the gravitational charges and entropy of the warped BTZ
background computed in Section 6 — quantities that match the corresponding expressions
in JT¯ -deformed CFTs.
It is interesting to note that the warped BTZ black string considered in this paper
is closely related to another background whose worldsheet interpretation is that of an
exactly marginal deformation by the product of two chiral currents. As shown in detail
in Appendix B, this background is locally equivalent to the the warped BTZ black string
considered in this paper and is obtained by an additional change of coordinates and a
gauge transformation. Crucially, the gauge transformation is not compatible with the TsT
identification of coordinates and as a result this background differs from the warped BTZ
black string on its global properties. The latter are essential for the connection to JT¯
deformations and it is only on the TsT background where we can reproduce the spectrum
and thermodynamics of JT¯ -deformed CFTs.
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To summarize, we propose that the holographic dual to JT¯ -deformed CFTs at finite
temperature can be described by the NS-NS sector of type IIB string theory on the warped
BTZ background described, in different coordinate systems, in eqs. (4.5), (4.6) and (4.12),
(4.13). This background is obtained from a TsT transformation of the undeformed BTZ
black string and we have shown that it can be interpreted as an instantaneous deformation
of the worldsheet by a marginal operator.
5 Strings on warped BTZ
In this section we derive general expressions for the spectrum of string theory on the warped
BTZ background that are valid for generic compactifications of the u, v, and χ coordinates.
We then consider the TsT compactification and show that the spectrum of strings winding
along the TsT circle matches the spectrum of JT¯ -deformed CFTs.
5.1 Noether currents and winding strings
We begin by describing the Noether currents and conserved charges of the deformed world-
sheet action. For convenience we work with the v and χ coordinates introduced in Section 4
which simplify the analysis and make the preserved symmetries of the theory more trans-
parent.10 Before the deformation, the theory features locally conserved currents satisfying
left and right-moving SL(2, R) × SU(2) Kac-Moody algebras. However, in contrast to
the global and Poincare´ AdS3 backgrounds, not all of the SL(2, R) currents are globally
well-defined with the exception of
j1(z) = k
(
r∂v
2Tu
+ Tu∂u
)
, j¯1(z¯) = k
(
r∂¯u
2Tv
+ Tv∂¯v
)
, (5.1)
where the superscript means that these currents are spacelike. We note that j1 and j¯1 are
the same chiral currents obtained from the WZW formulation of the worldsheet action.
These currents are closely related to the Noether currents generating translations along u
and v but differ from the latter by divergence-free terms. When the temperatures vanish,
the j1 and j¯1 currents become null and reduce to the expressions featured in Section 3,
lim
Tu→0
(2Tu)j
1 = j−, lim
Tv→0
(2Tv)j¯
1 = j¯−. (5.2)
After the deformation the currents associated to translations along u, v, and χ satisfy
j∂u =
(
2Tuj
1 +
α
Tv
rk3
)
∂¯ + kT 2uθ(u), (5.3)
j∂v = 2Tv
(
j¯1∂ + αk3∂¯
)− kT 2v θ(v−λχ/2), (5.4)
j∂χ = αj¯
1∂ + k3∂¯ +
k
4
θ(χ−2λT 2v v), (5.5)
10For completeness, in terms of the v and χ coordinates, the worldsheet action is given by
Sλ = k
∫
dz
2
{
∂r∂¯r
4
(
r2 − 4T 2uT 2v
) + (r∂¯u+ 2T 2v ∂¯v)
[
∂v +
α
2Tv
(
∂χ+ cos θ ∂φ
)]
− T
2
v ∂v∂¯v + T
2
u∂u∂¯u
+
λT 2v
2
(∂v∂¯ψ − ∂¯v∂ψ) +
1
4
[(
∂χ+ 2 cos θ ∂φ
)
∂¯χ+ ∂θ∂¯θ + ∂φ∂¯φ
]}
.
– 16 –
where jξ denotes the Noether current corresponding to the background Killing vector ξ,
θ(f) is a divergence free current defined by
θ(f) ≡ ∂¯f ∂ − ∂f ∂¯, (5.6)
and (j1, j¯1, k3) are the SL(2, R) and SU(2) currents given in eqs. (3.10) and (5.1) which
remain chirally conserved in the deformed theory.
The θ(f) terms featured in eqs. (5.3) – (5.5) contribute to the Noether charges in
topologically nontrivial sectors of the theory, e.g. in the winding string sector. This is a
property of string theory that is already present for strings winding on the undeformed
BTZ background [103, 104]. In this paper, we will consider strings winding along the u, v,
and χ coordinates,∮
∂σu = 2πwu,
∮
∂σv = 2πwv ,
∮
∂σχ = 4πwχ, (5.7)
whereupon the zero modes of the θ(f) currents become proportional to the winding. The
values of the winding parameters wu, wv, and wχ depend on the global properties of
the warped BTZ spacetime. The spectrum derived in the next subsection is valid for
arbitrary values of the winding and can be applied to backgrounds satisfying different
compactifications of coordinates. We will focus on the TsT compactification in Section 5.3.
The zero modes of the j∂u , j∂v , and j∂χ currents yield the physical momenta of the string
along the u, v, and χ coordinates. However, we find that the derivation of the spectrum
simplifies significantly in terms of the “winding momenta”. The latter are defined as the
zero mode charges of the Noether currents jχ modulo the θ(f) terms — conserved currents
we denote by j′ξ — such that
pw ≡ 1
2π
∮
j′ τ∂u , −p¯w ≡
1
2π
∮
j′ τ∂v ,
qw
2
≡ 1
2π
∮
j′ τ∂χ , (5.8)
where jτξ = j
z
ξ + j
z¯
ξ and the normalization of qw follows from the fact that χ ∼ χ+ 4π in
the undeformed theory.
5.2 Spectrum via spectral flow
A crucial feature of the TsT transformation is that the deformed equations of motion and
constraints can be obtained from the corresponding expressions in the undeformed theory
after a nonlocal change of coordinates [89]. Let us continue to denote the coordinates of
the deformed theory by xµ and use xˆµ to denote the coordinates of the undeformed one.
The aforementioned change of coordinates affects only v and χ and satisfies
∂vˆ = ∂v +
α
kTv
k3, ∂¯vˆ = ∂¯v − λα
k
j¯1, (5.9)
∂χˆ = ∂χ− 2λαTv
k
k3, ∂¯χˆ = ∂¯χ+
2α
k
j¯1. (5.10)
Eqs. (5.9) and (5.10) allow us to relate the chirally conserved currents before and after the
deformation. In particular, we are interested in the chiral currents corresponding to the
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Cartan generators of SL(2, R)R × SU(2)L in the undeformed theory, the latter of which
can be written in terms of deformed variables as
ˆ¯j1 ≡ k
(
rˆ∂¯uˆ
2Tv
+ Tv∂¯vˆ
)
=
√
1− α2j¯1, kˆ3 ≡ k
2
(
∂χˆ+ cos θˆ∂φˆ
)
=
√
1− α2k3. (5.11)
We furthermore note that, up to topological terms, the kˆ3 current can be expressed as the
Noether current of a Killing vector ξU(1) defined by
jξU(1) = 2kˆ
3 +
k
2
θ(χ+2λT 2v v), ξU(1) =
2√
1− α2
(
∂χ − α
2Tv
∂v
)
(5.12)
This will be useful when we compute the gravitational charges of the warped BTZ back-
ground in Section 6.
We will identify the deformed U(1) charge with the zero mode of the chiral kˆ3 current
given in eq. (5.11) (up to a factor of 2). An important assumption in the field theory
analysis of the JT¯ deformation is that the deformed U(1) current remains chiral along the
RG flow [27]. We will assume that this property extends to the corresponding current in
the worldsheet theory, an assumption that played an important role in the string theory
derivation of the spectrum in [1]. In particular, the U(1) charge of the deformed theory
can be written in terms of the winding momenta p¯w and qw as
Q(λ) ≡ 1
π
∮
kˆ3 =
1√
1− α2
(
qw +
αp¯w
Tv
)
. (5.13)
Interestingly, the T component of the stress tensor is also assumed to remain chiral along
the RG flow in the field theory analysis of the JT¯ deformation [27]. Up to a topological
term, this is also a property of the worldsheet current j∂u generating translations along
u (5.3).
A consequence of the nonlocal change of coordinates is that the xˆµ variables obey
nontrivial boundary conditions. Indeed, integrating
∮
∂σxˆ
µ yields
xˆµ(σ + 2π) = xˆµ(σ) + 2πγxµ , (5.14)
where the only nonzero γxµ parameters are given by
γu = wu, (5.15)
γv = wv +
λα
k
1
2π
∮
j¯1 +
α
kTv
1
2π
∮
k3 = wv +
λ
(
qw + λp¯w
)
k
(
1− λ2T 2v
) , (5.16)
γχ = 2wχ − 2α
k
1
2π
∮
j¯1 − 2λαTv
k
1
2π
∮
k3 = 2wχ +
2λ
(
p¯w + λT
2
v qw
)
k
(
1− λ2T 2v
) . (5.17)
The worldsheet integrals featured in eqs. (5.16) and (5.17) imply that the vˆ and χˆ coor-
dinates satisfy nonlocal boundary conditions that depend on the p¯w and qw momenta of
the string. Thus, any solution to string theory in the warped BTZ background is equiv-
alent to a solution of the undeformed theory satisfying momentum-dependent boundary
conditions. Indeed, we note that the classical string solutions given in Appendix A can
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also be obtained from the nonlocal change of coordinates in eqs. (5.9) and (5.10). In this
case, xˆµ describes a geodesic in the undeformed BTZ background satisfying the boundary
conditions in eq. (5.14). Solving eqs. (5.9) and (5.10) then yields the winding strings de-
scribed in Appendix A. At the quantum level, the boundary conditions are enforced by
dressing vertex operators with nonzero p¯w and qw momenta by the appropriate spectral
flow operators [89].
We now have the necessary ingredients to derive the spectrum of strings on the warped
BTZ background. The twisted boundary conditions (5.7) induce a spectral flow transfor-
mation on the undeformed theory. In order to see this we note that the twisted boundary
conditions can be obtained from the following shift of coordinates
uˆ = u˜+ γuz, vˆ = v˜ − γv z¯, χˆ = χ˜+ γχz, (5.18)
where x˜µ are coordinates in the undeformed theory satisfying trivial boundary conditions,
i.e.
∮
∂σx˜
µ = 0. The change of coordinates (5.18) leads to shifts and rescalings of the con-
served currents that are equivalent to spectral flow. In particular, the currents associated
to the Cartan generators of SL(2, R)L × SL(2, R)R × SU(2)L shift according to
j˜1 → jˆ1 = j˜1 + kTuγu, ˜¯j1 → ˆ¯j1 = ˜¯j1 − kTvγv, k˜3 → kˆ3 = k˜3 + k
2
γχ, (5.19)
where the tilded currents are given by eqs. (3.10) and (5.1) with xµ replaced by x˜µ. In
terms of the winding momenta, the zero modes of the j˜1 and ˜¯j1 currents are given by
1
2π
∮
j˜1 =
pw
2Tu
− kwuTu, 1
2π
∮
˜¯j1 = − p¯w
2Tv
+ kwvTv, (5.20)
while the zero mode of k˜3 is, by definition, the U(1) charge of the undeformed theory
q
2
≡ 1
2π
∮
k˜3 =
qw
2
− kwχ. (5.21)
Although the symmetry algebra does not change under spectral flow, the chiral com-
ponents of the stress-energy tensor shift according to
Tˆ = T˜ − 2Tuγuj˜1 − k
(
Tuγu
)2 − γχk˜3 − k
4
γ2χ, (5.22)
ˆ¯T = ˜¯T + 2Tvγv
˜¯j1 − k(Tvγv)2, (5.23)
where we have assumed k ≫ 1 and T˜ , ˜¯T are the components of the stress tensor in the
undeformed theory without winding boundary conditions. Thus, the zero modes of the
deformed stress tensor Lˆ0 = − 12pi
∮
Tˆ and ˆ¯L0 = − 12pi
∮ ˆ¯T are given by
Lˆ0 =L˜0 + pwwu − k(Tuwu)2 + qwwχ − kw2χ +
α2
1− α2
1
k
(
p¯2w
4T 2v
+
q2w
4
+
p¯wqw
2αTv
)
, (5.24)
ˆ¯L0 =
˜¯L0 + p¯wwv − k(Tvwv)2 + α
2
1− α2
1
k
(
p¯2w
4T 2v
+
q2w
4
+
p¯wqw
2αTv
)
. (5.25)
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where L˜0 = − 12pi
∮
T˜ and ˜¯L0 = − 12pi
∮ ˜¯T . The latter satisfy
L˜0 |ψ〉 =
(
− j(j − 1)
k
+N +∆
)
|ψ〉 , ˜¯L0 |ψ〉 =
(
− j¯(j¯ − 1)
k
+ N¯ + ∆¯
)
|ψ〉 , (5.26)
where |ψ〉 is a state with SL(2, R) weight j at level (N, N¯ ), and (∆, ∆¯) denote the contri-
butions of the S3 ×M4 parts of the background [98].
Eqs. (5.24) and (5.25) extend the validity of the classical analysis of the spectrum
carried out in Appendix A. In particular, these equations reduce to the spectrum given
in [89] for strings with zero winding as well as the expressions given in [1] for strings on the
deformed zero temperature background provided that wu = wv = w and wχ = 0. Imposing
the Virasoro constraints on a state |ψ〉,
(
Lˆ0 − 1
) |ψ〉 = 0, ( ˆ¯L0 − 1) |ψ〉 = 0, (5.27)
yields the spectrum of the deformed theory. We see that for states with nonvanishing
momenta pw, p¯w, and qw, the α-dependent contributions to the spectrum are universal, as
are the local contributions that originate from winding.
5.3 Matching the spectrum to JT¯
We now show that the spectrum of strings winding on the warped BTZ background matches
the spectrum of JT¯ -deformed CFTs. A few subtleties arise in the matching of the spectrum
on the finite temperature background and it is not a priori clear what the appropriate map
between variables in the worldsheet and the dual field theory is. In order to match the
spectrum we need to understand (i) which circle in the bulk corresponds to the spatial circle
in the dual field theory. This subtlety arises only at finite temperature and hence does not
affect the discussion of the warped massless BTZ background considered in Section 3;
(ii) what the deformed and undeformed U(1) charges are; and (iii) which Noether charges
correspond to the left and right-moving energies in the dual field theory. We note that
subtleties in the identification of the energy and angular momentum already arise for
strings on the undeformed BTZ background [103, 104]. In this paper we address these
points as follows:
(i) we focus on the warped BTZ background with the TsT compactification of coordi-
nates. In particular the spatial circle is given by the “TsT circle” defined in eq. (4.10);
(ii) we identify the undeformed U(1) charge with the SU(2) quantum number before
spectral flow (5.21), i.e. 1pi
∮
k˜3, whereas the deformed U(1) charge is identified with
the zero mode of the same current after spectral flow (5.13), namely 1pi
∮
kˆ3. This is
the same identification of U(1) charges used in the zero temperature case [1].
(iii) we identify the left and right-moving energies with the zero modes of the Noether
currents j∂u and −j∂t− . This is consistent with the analysis of string theory on the
undeformed BTZ background carried out in [103].
The spectrum of strings winding on the warped BTZ background is sensitive to the
global properties of the spacetime through the winding parameters wu, wv, and wχ. For a
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string winding along the TsT circle (4.10) these parameters satisfy
wu = w, wv =
w
1− λ2T 2v
, wχ = − λT
2
vw
1− λ2T 2v
, w ∈ Z. (5.28)
This choice guarantees that the string winds w times along the TsT circle, namely∮
∂σu = 2πw,
∮
∂σt
− = 2πw,
∮
∂σψ = 0. (5.29)
In particular, the Noether current corresponding to translations along t− is given by
j∂
t−
=
2Tv
1 + λ2T 2v
(
j¯1∂¯ + λTvk
3∂
)− kT 2v θ(v), ∂t− = 11− λ2T 2v
(
∂v − 2λT 2v ∂χ
)
, (5.30)
whose zero mode charge corresponds to the momenta of the string along the t− coordinate.
In the derivation of the Noether currents we have been careful to keep track of the
topological θ(f) terms, the latter of which can contribute to the Noether charges in the wind-
ing string sector. In the undeformed theory, the Noether currents also feature topological
terms which distinguish them from the chiral currents obtained in the WZW formulation.
As discussed in [103, 104], these topological terms are physically relevant. Therefore, we
identify the left and right-moving energies of the JT¯ -deformed CFT with the zero mode
charges of the j∂u and j∂t− currents, which are the natural quantities to consider in the
TsT-transformed background. We thus have
ℓEL(λ) =
1
2π
∮
jτ∂u = pw − kT 2uw, (5.31)
−ℓER(λ) = 1
2π
∮
jτ∂
t−
= − 1
1− λ2T 2v
[
p¯w + λT
2
v qw − kT 2vw
]
. (5.32)
In terms of the left and right-moving energies EL and ER, the zero modes of the stress
tensor in eqs. (5.24) and (5.25) are given by
Lˆ0 = L˜0 + wℓEL(λ) +
1
k
λℓER(λ)
[
λℓER(λ) + q
]
, (5.33)
ˆ¯L0 =
˜¯L0 + wℓER(λ) +
1
k
λℓER(λ)
[
λℓER(λ) + q
]
. (5.34)
By holding the eigenvalues of L˜0 and
˜¯L0 fixed before and after the deformation, we find that
the left and right-moving energies of strings on the warped BTZ background satisfy the
same formulae obtained in the zero temperature background, namely eqs. (3.18) and (3.19).
It is not difficult to show that the undeformed and deformed U(1) charges q = Q(0) and
Q(λ) in eqs. (5.21) and (5.13) are related in the same way as in the zero temperature
background (3.20).
Consequently, we find that the angular momentum and the Sugawara combination of
left-moving charges EL + Q
2/4ℓwk are left invariant by the deformation. Furthermore,
matching the worldsheet and field theory parameters via eqs. (3.13) and (3.21), we recover
the spectrum of JT¯ -deformed CFTs given in eqs. (2.3) – (2.5). We emphasize that matching
the JT¯ -deformed spectrum is only possible for the warped BTZ background satisfying the
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TsT compactification of coordinates. For other compactifications, the worldsheet spectrum
features terms that are not found in the field theory derivation of the spectrum.
Finally, we note that for the winding parameters given in eq. (5.28), both the unde-
formed and deformed U(1) charges can be related to Killing vectors on the warped BTZ
background. For the deformed U(1) charge this follows from the fact that the Noether
current is chiral up to a topological term whose zero mode vanishes exactly when eq. (5.28)
is satisfied, so that
Q(λ) ≡ 1
π
∮
kˆ3 =
1
2π
∮
jτξU(1) . (5.35)
On the other hand, for the undeformed U(1) charge q, explicit calculation shows that it is
associated with translations along χ, that is
q = qw +
2kλT 2vw
1− λ2T 2v
=
1
π
∮
jτ∂χ , (5.36)
The relationship between the Killing vectors of the warped BTZ background, the cor-
responding worldsheet currents, and the conserved charges in the dual field theory are
summarized in Table 1.
Interestingly, since the ∂χ Killing vector differs from ξU(1) by a term proportional to
∂t− we find that the differential equation (4.16) can also be expressed as
∂Sλ
∂λ
=
1
k
∫
d2z (j∂
t−
)a(jξU(1))
bǫab =
2
k
∫
d2z (j∂
t−
)a(j∂χ)
bǫab. (5.37)
This indicates that the U(1) current in the definition of the JT¯ deformation in the dual
field theory can be associated with either ξU(1) or 2∂χ. The former remains chiral along
the flow but carries a deformed charge Q(λ), while the latter is nonchiral but has a fixed
charge q. This is consistent with the observations made in ref. [51] from a purely field
theoretical approach.
Killing vector worldsheet current JT¯ -deformed CFT
∂u ju EL(λ)
−∂t− −jt− ER(λ)
2∂χ 2k˜
3 Q(0) = q
ξU(1) 2kˆ
3 Q(λ)
Table 1: Killing vectors and their corresponding worldsheet currents and field theory
charges
To recap, with the choice of spatial circle (4.10) and the identification of charges (5.31)
– (5.35) we find that the spectrum of strings winding on the warped BTZ background
matches the spectrum of JT¯ -deformed CFTs, with a dictionary summarized in Table 1. In
particular, we noted that topological terms in the Noether currents (which are also present
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before the deformation) play an important role in the derivation of the spectrum. This
result provides additional evidence for our identification of the warped BTZ black string
as a thermal background dual to JT¯ -deformed CFTs at finite temperature.
6 Thermodynamics of Warped BTZ
We now consider the supergravity approximation of string theory on the warped BTZ back-
ground. Using the covariant formulation of charges we compute the background energies
and U(1) charge, and show that these charges match the average charges of JT¯ -deformed
CFTs at finite temperature. We also reproduce the Bekenstein-Hawking entropy of the
warped BTZ background from the microscopic density of states of JT¯ -deformed CFTs.
6.1 Charges and thermodynamic potentials
We will compute the zero mode charges of the warped BTZ background directly from six
dimensional supergravity using the covariant formulation of charges [105, 106]. Given an
asymptotic Killing vector ξ generating a symmetry of the theory, the infinitesimal variation
of the corresponding charge is given by
δQξ = 1
2! 4!
1
8πG6
∫
∂Σ
εαβγσµν K
µν
ξ dx
α ∧ dxβ ∧ dxγ ∧ dxσ , (6.1)
where ∂Σ is the boundary of a codimension-1 spacelike surface. The two-form Kµνξ reads
Kµνξ = k
µν
ξ,g + k
µν
ξ,B + k
µν
ξ,Φ, (6.2)
where kµνξ,f denotes the contribution of the field f = {g,B,Φ} to the variation of the charge.
For the action (3.1) the kµνξ,f two-forms are given by [105, 107]
kµνξ,g =
1
2
{
ξν∇µδgαα − ξν∇αδgαµ + ξα∇νδgαµ + 1
2
δgαα∇νξµ − 1
2
δgνα∇αξµ
+
1
2
δgνα∇µξα − (µ↔ ν)
}
,
(6.3)
kµνζ,B =
1
4
e−2Φ
{(
2FµνλδΦ − δFµνλ)ξαBαλ − FµνλξαδBαλ − ξµF ναλδBαλ
+
(
2δgµσFσ
νλ + δgλσFµνσ − 1
2
δgσσF
µνλ
)
ξαBαλ
− δBµλgνσLξBσλ − (µ↔ ν)
}
,
(6.4)
kµνξ,Φ =
(
ξν∇µΦ− ξµ∇νΦ)δΦ. (6.5)
where δ ≡ δTu∂Tu + δTv∂Tv + δλ∂λ and δfα1...αn = gα1λ1 . . . gαnλnδfλ1...λn for any fα1...αn .
Since the dilaton is constant the kµνξ,Φ term does not contribute to the charges.
The gravitational charges depend crucially on the global properties of the background.
For the warped BTZ black string with the TsT compactification of coordinates (4.9) and
(4.10), the variation of the charge reads
δQξ = ℓ
4
8πG6
∫
∂Σ
dϕ′dψdθdφKt
′r
ξ , (6.6)
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where ϕ′ = 12 (u + t
−) and t′ = 12(u − t−). In particular, the charges associated with the
∂u, −∂t− , and ∂ψ are integrable in the space of solutions with varying Tu, Tv and λ, and
are given by
Q∂u = kT 2u , QR ≡ Q−∂t− = kT 2v , Q∂ψ = 0, (6.7)
where we used k = ℓ/4G3.
The warped BTZ background has a horizon at rh = 2TuTv with Bekenstein-Hawking
entropy
SWBTZ =
Area
4G6
= 2πk
(
Tu + Tv
)
. (6.8)
The latter is independent of the deformation parameter and matches the entropy of the
undeformed BTZ black string (4.1). The numerical agreement of the entropies is to be
expected as the density of states of JT¯ -deformed CFTs is unchanged by the deformation.
However, the fact that the background charges (6.7) are also independent of the deformation
does not seem to be consistent with the spectrum of JT¯ -deformed CFTs given in eqs. (2.3)
– (2.5). The resolution to this puzzle lies on the fact that the warped BTZ black string is
a thermal background with nonvanishing U(1) charge and conjugate chemical potential.
As discussed in Section 5, we identify the deformed U(1) charge with the Killing vector
ξU(1) in eq. (5.12) which, in terms of the TsT coordinates t
− and ψ, reads
ξU(1) = 2∂ψ − λ∂t− . (6.9)
One can check that this Killing vector has unit norm, ξU(1) · ξU(1) = ℓ2, and that the
corresponding gravitational charge is given by
QU(1) ≡ QξU(1) = kλT 2v . (6.10)
This charge is integrable for varying Tu and Tv but fixed λ. Since the background U(1)
charge is not zero, the warped BTZ black string must feature a nonvanishing chemical
potential ν conjugate to QU(1). To read off the chemical potential, we note that the
horizon generator can be written in terms of the Killing vectors ∂u, ∂t− and ξU(1) as
2πiξth = πi
[
1
Tu
∂u − 1
Tv
∂t− − 2λTv∂ψ
]
, (6.11)
= πi
[
1
Tu
(
∂u − TuνLξU(1)
)− (1 + λ2T 2v
Tv
)
∂t− −
(
λTv − νL
)
ξU(1)
]
, (6.12)
where the first line follows from smoothness of the horizon in the Euclidean geometry,
namely
(u, v, χ) ∼ (u+ iπ/Tu, v − iπ/Tv, χ), (6.13)
while in the second line we have introduced (by adding and subtracting) a spectral flow
parameter νL whose value will be determined shortly.
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In the covariant phase space formalism the first law of thermodynamics reads [108]
δSWBTZ ≡ δQξth =
1
ℓTL
δQL + 1
ℓTR
δQR + ν δQU(1), (6.14)
whereupon the deformed temperatures and chemical potential are given by
ℓTL =
Tu
π
, ℓTR =
1
π
Tv
1 + λ2T 2v
, ν = π(νL − λTv). (6.15)
The choice of the spectral flow parameter νL does not affect the temperatures TL and TR
or the U(1) charge QU(1), a fact that motivates us to consider the mixed thermal ensemble
discussed in Section 2.3. Note, however, that νL cannot be arbitrary as it is constrained
to yield an integrable left-moving charge, namely
δQL ≡ δQ∂u−TuνLξU(1) = δ(kT 2u )− TuνLδ(λT 2v ). (6.16)
6.2 Matching the entropy to JT¯
We now show that the entropy and charges of the deformed background match the corre-
sponding quantities in JT¯ -deformed CFTs at finite temperature. Motivated by the bulk
analysis, it is natural to consider the mixed ensemble introduced in Section 2.3. Therefore,
we set the field theory temperatures TL(λ) and TR(λ) as well as the U(1) charge Q(λ) to
the background values given in eqs. (6.10) and (6.15),
ℓTL(λ) =
Tu
π
, ℓTR(λ) =
1
π
Tv
1 + λ2T 2v
, Q(λ) = QU(1) = kλT 2v . (6.17)
Let us first consider the entropy in the mixed ensemble. Using the relationship between
the bulk and field theory parameters given in eqs. (3.13) and (3.21), we find that the
entropy (2.20) is independent of λ and matches the Bekenstein-Hawking entropy of the
warped BTZ black string (6.8),
SJT¯ = 2πk
(
Tu + Tv
)
= SWBTZ. (6.18)
In the mixed ensemble, the average right-moving energy ER(λ) of JT¯ -deformed CFTs is
given in eq. (2.23) and satisfies
ℓER(λ) = kT
2
v = QR, (6.19)
which is independent of the deformation parameter and matches the corresponding bulk
charge (6.7). Furthermore, from eq. (2.24) we learn that the deformed chemical potential
is given by
ν(λ) = −πλTv
(
1 +
Tv
2Tu
)
, (6.20)
which can be used to determine the spectral flow parameter νL in the bulk, namely
νL = −λT
2
v
2Tu
. (6.21)
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It is then not difficult to show that this value of νL makes the background left-moving
charge (6.16) integrable and equal to the field theory result,
ℓEL(λ) = k
(
T 2u +
λ2T 4v
4
)
= QL, (6.22)
where the first equality follows from the field theory analysis (2.22) while the second one
is obtained from integrating the bulk charge (6.16).
We can show that the charges computed above satisfy the JT¯ spectrum given in
eqs. (2.3) – (2.5). In order to accomplish this we need to compute the charges before the
deformation. From the relationship between the deformed and undeformed temperatures
and chemical potential (2.17) – (2.19), we find
ℓTL(0) =
Tu
π
, ℓTR(0) =
Tv
π
, Q(0) = −kλT 2v . (6.23)
According to the discussion in Section 5, the undeformed U(1) charge Q(0) is related to
the bulk Killing vector 2∂χ. Indeed, the gravitational charge corresponding to 2∂χ matches
the field theory value of Q(0), namely
Q2∂χ = −kλT 2v = Q(0). (6.24)
Note that the Q2∂χ charge is integrable provided that δλ = 0. Finally, using the stan-
dard thermodynamic relations between the temperatures and energies of the undeformed
theory (2.14) we obtain
EL(0) = EL(λ), ER(0) = ER(λ), Q(0) = −Q(λ), (6.25)
formulae that are compatible with the spectrum of JT¯ -deformed CFTs.
It may seem confusing to have an undeformed U(1) charge that depends on the defor-
mation parameter. However, recall that both Q2∂χ and QU(1) are integrable only for fixed
λ and we should not interpret eq. (6.25) as general flow equations with varying λ. Instead,
for a given value of λ, eq. (6.25) tells us that the energies and U(1) charge of the warped
BTZ background are related to states in the undeformed theory satisfying
Q(0) = −λℓER(0). (6.26)
This is consistent with property (v) of the JT¯ spectrum discussed in Section 2.1.
In conclusion, by carefully identifying the deformed U(1) charge and the thermody-
namic potentials, we found that the Bekenstein-Hawking entropy of the warped BTZ back-
ground with the TsT compactification of coordinates matches the microscopic entropy of
JT¯ -deformed CFTs. Furthermore, the matching of the gravitational charges with the ther-
modynamics induced by the JT¯ deformation provides nontrivial evidence that the warped
BTZ background is dual to a thermal state in the dual JT¯ -deformed CFT.
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7 Warping global AdS
In this section we describe the TsT transformation of global AdS3× S3. In analogy to the
finite-temperature case, we show that this background is locally equivalent to a marginal
deformation of the worldsheet, write down the worldsheet spectrum, and compute the
supergravity charges. We note that these expressions can be obtained from analytic con-
tinuation of the results derived in Sections 4, 5, and 6.
The warped AdS3 background
In our gauge the global AdS3 × S3 metric is given by11
ds2 = ℓ2
{
dr2
4r2 − 1 + rdudv −
1
4
du2 − 1
4
dv2 + dΩ23
}
, r ≥ 1
2
, (7.1)
where (u, v) ∼ (u+2π, v+2π) and the background B-field and dilaton are given in eqs. (3.4)
and (3.5). The metric (7.1) can be obtained from the BTZ black hole (4.1) after analytic
continuation of the temperatures,
Tu → − i
2
, Tv → i
2
. (7.2)
Eq. (7.2) plays an important role in this section as the results reported herein can be
derived from Sections 4, 5, and 6 by analytic continuation of the temperatures.
We now perform the same TsTs transformation described in Sections 3 and 4. Namely,
we T-dualize along χ, shift v → t− + 2λk ψ and χ→ ψ, T-dualize again along ψ and finally
shift the coordinates by
t− = v +
λ
2
χ, ψ = χ− λ
4
v. (7.3)
The resulting warped AdS3 background is given by
ds2st= ℓ
2
{
dr2
4r2 − 1 +
1
2
(
2rdu− dv)[dv + β(dχ+ cos θ dφ)]+ 1
4
dv2− 1
4
du2+ dΩ23
}
, (7.4)
B =
ℓ2
4
{
cos θ dφ ∧ dχ− (2rdu− dv) ∧ [dv + β(dχ+ cos θ dφ)]− λ
2
dv ∧ dχ
}
, (7.5)
e−2Φ = 1− λ
2
4
, (7.6)
where the parameter β is the analytic continuation of α in eq. (4.7) and satisfies
β =
4λ
4− λ2 . (7.7)
Finally, we note that the worldsheet action on the warped AdS3 background described
by eqs. (7.4) and (7.5) can be obtained from eq. (4.15) by analytic continuation of the tem-
peratures. In particular, the deformed worldsheet action Sλ satisfies the same differential
equation given in eq. (4.16), namely
∂Sλ
∂λ
=
1
k
∫
d2z (j∂
t−
)a(jξU(1))
bǫab, (7.8)
11The AdS3 factor can be expressed in a more standard gauge such as ds
2
3 = ℓ
2
(
dρ2 − cosh2ρ dt2 +
sinh2ρ dϕ2
)
via the change of coordinates r = sinh2ρ+ 1
2
, u = ϕ+ t, and v = ϕ− t.
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where the Noether currents j∂
t−
and jξU(1) can be obtained from analytic continuation of
eqs. (5.30) and (5.12).
The deformed string spectrum
In analogy to Section 5.2, the spectrum of strings on the warped AdS background (7.4) can
be derived using spectral flow. The crucial step in the derivation is the observation that the
deformed theory is equivalent to an undeformed one satisfying twisted boundary conditions,
a relationship made manifest through a nonlocal change of coordinates. The latter is given
by eqs. (5.9) and (5.10) after analytic continuation. Omitting the intermediate steps, the
zero modes of the stress tensor are found to satisfy
Lˆ0 =L˜0 + pwwu +
k
4
w2u + qwwχ − kw2χ +
β2
1 + β2
1
k
(
p¯2w −
q2w
4
+
p¯wqw
β
)
, (7.9)
ˆ¯L0 =
˜¯L0 + p¯wwv +
k
4
w2v +
β2
1 + β2
1
k
(
p¯2w −
q2w
4
+
p¯wqw
β
)
, (7.10)
where L˜0 and
˜¯L0 denote the zero modes before the deformation, and the winding momenta
pw, p¯w, and qw are defined as the zero modes of the Noether currents j∂u , j∂v , and j∂χ
modulo topological θ(xa) terms. The derivation of Lˆ0 and
ˆ¯L0 is valid for any representation
of SL(2, R), including its discrete (real j) and continuous (complex j) representations.
Not surprisingly, eqs. (7.9) and (7.10) can be obtained from the expressions derived in
the warped BTZ background by analytic continuation of the temperatures. We also note
that these equations match the spectrum of classical winding strings on the warped AdS
background where L˜0 and
˜¯L0 depend on the parameters of the solution.
Equations (7.9) and (7.10) have not yet taken into account the global properties of the
warped AdS spacetime and are valid for arbitrary compactifications of coordinates. We are
particularly interested in the TsT compactification. For a string winding along the TsT
circle (4.10) the winding parameters satisfy
wu = w, wv =
4w
4 + λ2
, wχ =
λw
4 + λ2
, w ∈ Z. (7.11)
This implies that, in terms of the winding momenta, the physical energies conjugate to
translations along u and t−, as well as the undeformed U(1) charge, satisfy
ℓEL = pw +
kw
4
, ℓER =
1
4 + λ2
[
4p¯w − λqw + kw
]
, q = qw − 2kλw
4 + λ2
. (7.12)
Imposing the Virasoro constraints before and after the deformation yields the same warped
spectrum found in the zero and finite-temperature backgrounds given in eqs. (3.18) – (3.20).
This is not surprising given that these equations are independent of the temperatures. In
particular, this means that we can reproduce the spectrum of JT¯ -deformed CFTs when
w = −1, ℓλ = µk, and ℓ = R.
– 28 –
Matching the background charges to JT¯
Finally, we propose the following map between the field theory charges of the JT¯ -deformed
theory and the gravitational charges of the warped AdS background
ℓEL(λ)− Q(λ)
2
4k
= Q∂u = −
k
4
, (7.13)
ℓER(λ) = Q−∂
t−
= −k
4
, (7.14)
Q(λ) = QU(1) = −
kλ
4
. (7.15)
In particular, we note that the undeformed and deformed charges are related, as in the
finite temperature case, by eq. (6.25). In analogy with the discussion in Section 6, the
charges of the warped AdS background can be interpreted as the result of deforming a
special state in a theory with a fixed value of λ.
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A Geodesics and winding strings in warped BTZ
In this appendix we derive the spectrum of classical point particles and winding strings
on the warped BTZ background. We will see that the contributions of the deformation
are nonlocal and match the worldsheet derivation of the spectrum given in Section 5. Our
analysis is also valid for the warped AdS background after the analytic continuation (7.2).
Point particle spectrum
Let us consider a geodesic xµ ≡ xµ(τ) in the warped BTZ background with dimensionless
momenta p, p¯, and q along the u, v, and χ coordinates such that
p = guσx˙
σ, p¯ = −gvσx˙σ, q
2
= gχσx˙
σ. (A.1)
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The geodesic satisfies
u˙ = −1
k
2
(
p¯r + 2pT 2v
)
r2 − 4T 2uT 2v
, (A.2)
v˙ = −1
k
1
1− α2
1
T 2v
(
p¯+ αqTv
)
+
1
k
r
r2 − 4T 2uT 2v
1
T 2v
(
p¯r + 2pT 2v
)
, (A.3)
χ˙ =
1
k
2
1− α2
(
q +
α
Tv
p¯
)
, (A.4)
where we assumed that θ = pi2 and φ = 0, while r obeys
k2r¨ − k
2rr˙2 − 16r(p¯2T 2u + p2T 2v )
r2 − 4T 2uT 2v
+ 8pp¯
(
r2 + 4T 2uT
2
v
r2 − 4T 2uT 2v
)
= 0. (A.5)
The generic solutions to eq. (A.5) are independent of λ and are given by
r± =
1
2c1k2
{
−8pp¯+ e±
√
c1(τ+c2) + 4(4p2 − c1k2T 2u
)(
4p¯2 − c1k2T 2v
)
e∓
√
c1(τ+c2)
}
,
where c1 and c2 are integration constants. In particular, we note that c1 is proportional
to the conformal weight in the undeformed worldsheet theory and its sign depends on the
nature of the geodesic, being strictly positive (negative) for spacelike (timelike) geodesics.
On the other hand the constant c2 is fixed by boundary conditions.
The worldsheet stress tensor of the deformed theory can be easily read from the metric.
Its left-moving component is given by
T = −k
{
(∂r)2
4(r2 − 4T 2uT 2v )
+ (r∂u+ 2T 2v ∂v)
[
∂v +
α
2Tv
(∂χ+ cos θ ∂φ)
]
− T 2v (∂v)2
+ T 2u (∂u)
2 +
1
4
[
(∂χ+ 2cos θ ∂φ)∂χ+ (∂θ)2 + (∂φ)2
]
+ . . . ,
(A.6)
where we have omitted the contributions of the M4 and the right-moving component T¯
is obtained by letting ∂ → ∂¯.12 The zero modes of the stress tensor L0 = − 12pi
∮
T and
L¯0 = − 12pi
∮
T¯ satisfy
L0 = L˜0 +
α2
1− α2
1
k
[
p¯2
4T 2v
+
q2
4
+
p¯q
2αTv
]
, (A.7)
L¯0 =
˜¯L0 +
α2
1− α2
1
k
[
p¯2
4T 2v
+
q2
4
+
p¯q
2αTv
]
, (A.8)
where L˜0 and
˜¯L0 are independent of α and given by
L˜0 =
c1k
16
+
q2
4k
+ L˜M
4
0 ,
˜¯L0 =
c1k
16
+
q2
4k
+ ˜¯LM
4
0 , (A.9)
with L˜M
4
0 and
˜¯LM
4
0 denoting the contributions of the internal M4 coordinates.
12Recall that the worldsheet deformation is marginal. Hence, while the global symmetries of the back-
ground are changed, the worldsheet theory is still conformal. In particular, the left and right-moving
components of the worldsheet stress-energy tensor T (z) and T¯ (z¯) are chirally conserved.
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Imposing the classical Virasoro constraints L0 = L¯0 = 0 yields the spectrum of point
particles with nonvanishing momenta p, p¯, and q in the deformed background. Note that
the presence of the right moving momentum p¯ in eqs. (A.7) and (A.8) implies that the
deformed theory is nonlocal along the right moving coordinate v, as expected from the
JT¯ deformation of the dual CFT [26]. Finally note that the α-dependent contribution is
independent of c1 and, up to conventions, is consistent with the result found in [89].
Winding string spectrum
We now generate new solutions to the worldsheet equations of motion by “winding up” the
geodesics obtained in the previous section. Given any solution xµ(z, z¯) to the equations of
motion we can obtain new solutions xµw(z, z¯) via
uw = u+ wuz (A.10)
vw = v − wv
1− α2
(
z¯ + α2z
)− 2αwχ
Tv(1− α2)τ, (A.11)
χw = χ+
2wχ
1− α2
(
z + α2z¯
)
+
4αTvwv
1− α2 τ, (A.12)
rw = r, θw = θ, φw = φ, (A.13)
where wu, wv, and wχ are constants independent of the worldsheet coordinates. The
novel shifts in eqs. (A.11) and (A.12) are consequences of the mixing between the v and χ
coordinates induced by the deformation of the worldsheet. The new solutions xµw can be
interpreted as strings winding along the u, v and χ coordinates such that∮
∂σuw = 2πwu,
∮
∂σvw = 2πwv ,
∮
∂σχw = 4πwχ, (A.14)
where we have assumed
∮
∂σx
µ = 0. Note that the nature of the winding parameters wu,
wv, and wχ depends on the global properties of the deformed background. In what follows
we derive the general form of the spectrum valid for any values of these parameters, a result
that can be applied to backgrounds satisfying different compactifications of coordinates.
Classical winding string solutions were also obtained from geodesics in global AdS3 in
ref. [98]. Therein, the winding solution xµw — to which eqs. (A.10) – (A.13) reduce to in the
α→ 0 and wχ → 0 limits — was linked to spectral flow of the affine SL(2, R)L×SL(2, R)R
symmetry algebra. Spectral flow is an essential ingredient of string theory in AdS3 gener-
ating altogether new representations of SL(2, R). As described in Section 5, spectral flow
also plays an important role in the warped BTZ background since the contributions to the
spectrum arising from the worldsheet deformation are equivalent to spectral flow in the
undeformed theory.
In terms of the winding momenta defined in eq. (5.8), the zero modes of the stress-
energy tensor satisfy
L0 =L˜0 + pwwu − k(Tuwu)2 + qwwχ − kw2χ +
α2
1− α2
1
k
(
p¯2w
4T 2v
+
q2w
4
+
p¯wqw
2αTv
)
, (A.15)
L¯0 =
˜¯L0 + p¯wwv − k(Tvwv)2 + α
2
1− α2
1
k
(
p¯2w
4T 2v
+
q2w
4
+
p¯wqw
2αTv
)
, (A.16)
– 31 –
where the undeformed zero modes L˜0 and
˜¯L0 are given in eq. (A.9). Setting L0 = L¯0 = 0
leads to the spectrum of classical winding strings with momenta along the u, v, and χ
coordinates. The α-dependent contributions to the spectrum remain nonlocal and are
independent of the undeformed values L˜0 and
˜¯L0. Finally note that eqs. (A.15) and (A.16)
match the expressions derived from the worldsheet in eqs. (5.24) and (5.25).
B Chiral current-current deformation
In this appendix we consider a background that is closely related to the warped BTZ
black string described in eqs. (4.5) and (4.6). This background is also obtained from
a TsT transformation of the BTZ black string but it is accompanied by the change of
coordinates (4.4) and, crucially, an additional locally gauge transformation
B → B − ℓ
2
2
λT 2v dv ∧ dψ. (B.1)
The resulting spacetime has been previously studied in [89, 109] and is only locally equiv-
alent to the warped BTZ black string considered in this paper. This follows from the fact
that the would-be gauge transformation (B.1) is not compatible with the TsT identification
of coordinates in eqs. (4.9) and (4.10). The distinction is important as the global properties
of the warped BTZ background play an important role in the derivation of the spectrum of
winding strings and its thermodynamics. In particular, it is only on the TsT background
satisfying the TsT compactification of coordinates where we can reproduce the spectrum
and thermodynamics of JT¯ -deformed CFTs.
We now note that the background (4.5) and (4.6) with (B.1) can be interpreted as a
marginal deformation of the worldsheet by the product of two chiral currents. Indeed, in
terms of the j¯1 and k3 currents, which remain chirally conserved in the deformed theory,
we find that the action is given by
S′λ = S
′
0 +∆S
′
λ, (B.2)
where the undeformed action S′0 reads
S′0 = k
∫
dz2
{
∂r∂¯r
4
(
r2 − 4T 2uT 2v
) + r∂v∂¯u+ T 2v ∂v∂¯v + T 2u∂u∂¯u+ 14∂θ∂¯θ + 14∂φ∂¯φ
+
1
4
(
∂χ+ 2cos θ ∂φ
)
∂¯χ
}
,
(B.3)
while the deformation ∆S′λ satisfies
∆S′λ =
2α
k
∫
d2z j¯1(z¯)k3(z). (B.4)
The j¯1 and k3 currents are given in eqs. (3.10) and (5.1) and are independent of the
deformation. Hence, the deformed action S′λ also satisfies a differential equation after
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an appropriate normalization of the chiral currents. Note that the worldsheet deforma-
tion (B.4) is exactly marginal [93] and reduces to its zero temperature counterpart (3.12)
in the Tv → 0 limit. Furthermore, at linear order in λ, eq. (B.4) is given by
∆S′λ →
2λ
k
∫
d2z [2Tv j¯
1(z¯)]k3(z), (B.5)
and takes the same asymptotic form as the marginal deformation that corresponds to a
single-trace version of the JT¯ operator (see Section 3). These observations indicate further
connections between the warped BTZ background and the single-trace JT¯ deformation of
the dual CFT.
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